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Abstract. Evolution of the large scale structure of the Universe is described by galaxy bias
and the growth rate function of the matter density contrast. The behavior of the growth
rate function, in general, depends on the types of dark energy or modified gravity theories,
because they modify Poisson’s equation for gravity by changing the Newtonian constant in
the quasi-static solutions. Whereas, another mode of the matter density contrast “oscillating
mode” has not been studied well, although there is a possibility that it drastically changes the
gravitational law. In this paper, we will construct the way to investigate oscillating solutions
and show the concrete forms of the solutions by using the WKB approximation.
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1 Introduction
The accelerated expansion of the Universe was discovered by the observations of type Ia
supernovae in late 1990s [1, 2], and it is now also supported by the other observations:
cosmic microwave background (CMB) radiation [3–5], baryon acoustic oscillations (BAO)
[6–10], and so on. To realize the accelerated expansion in the homogeneous and isotropic
Universe, it is necessary to introduce some energy components with the equation of state
parameter w = p/ρ which is less than −1/3 in the Einstein equations. Dark energy is a
hypothetical energy which has such a property. The most famous model of dark energy is
the cosmological constant Λ, and the Λ cold dark matter (ΛCDM) model is known as the
standard model in cosmology. The ΛCDM model is a simple model but it is consistent with
almost all of the astronomical observations. While, there are also the other candidates of dark
energy; the quintessence model [11–14], scalar-tensor theory [15–18], F (R) modified gravity
[19–23], and so on. Horndeski’s theory [24] is known as a general theory of scalar-tensor
theory including quintessence model as a special case.
At the background level, the quintessence model, scalar-tensor theory, and F (R) mod-
ified gravity can describe same expansion history of the Universe as in the ΛCDM model
(e.g. the way of reconstructing quintessence potential from the expanding rate can be seen
in Refs. [25, 26]). Therefore, it is necessary to consider perturbative behavior of the models
in order to distinguish the models of dark energy. The matter density contrast defined by
δ ≡ δρ/ρ describes the perturbative behavior of the matter distribution, and the growth rate
function f = d ln δ/d ln a is usually used as the indicator of the matter density contrast. The
evolution of the growth rate function, in general, depends on the property of the dark energy.
For example, it is known that there is a scale dependence in the growth rate function in F (R)
modified gravity [27, 28] and the Newtonian constant in Poisson’s equation is modified in
Horndeski’s theory [29]. These results are obtained by assuming quasi-static approximation,
– 1 –
which treats time derivatives of the perturbation quantities as the same order as the expand-
ing speed of the Universe. While, there is another mode of the matter density perturbation
“oscillating mode” [30, 31], which is caused by extra degrees of freedom, e.g. perturbation
of the scalar field φ. Oscillating behavior of the perturbation quantity in Horndeski’s theory
is, for example, seen in Fig. 8 in Ref. [32]. Although it is natural to consider oscillating
mode because scalar field perturbation usually has non-zero sound speed, it has not been
enough studied. There are two reasons why it has not been enough studied; mixing between
perturbation quantities has not been carefully considered, and second leading order terms are
necessary to be taken into account for the oscillating mode. In this paper, we will construct
the method to obtain oscillating solutions in Horndeski’s theory. The contents of the pa-
per are as follows: general background equations and perturbation equations in Horndeski’s
theory are given in Sec. 2, oscillating solutions of the matter density contrast are derived
in Sec. 3, some examples of quasi-static solutions and oscillating solutions are expressed in
Sec. 4, and concluding remarks are in Sec. 5. We use natural units, ~ = c = kB = 1,
and the gravitational constant 8piG is denoted by κ2 ≡ 8pi/MPl2 with the Planck mass of
MPl = G
−1/2 = 1.2× 1019GeV in the following.
2 Horndeski’s theory
The action in the Horndeski’s theory is given by [24, 33, 34]
SH =
5∑
i=2
∫
d4x
√−gLi, (2.1)
where
L2 = K(φ,X), (2.2)
L3 = −G3(φ,X)φ, (2.3)
L4 = G4(φ,X)R+G4X
[
(φ)2 − (∇µ∇νφ)2
]
, (2.4)
L5 = G5(φ,X)Gµν∇µ∇νφ− G5X
6
[
(φ)3 − 3(φ)(∇µ∇νφ)2 + 2(∇µ∇νφ)3
]
. (2.5)
Here, K, G3, G4, and G5 are generic functions of φ and X = −∂µφ∂µφ/2, and the subscript
X means derivative with respect to X. The total action we will consider is the sum of SH
and the action of matter fluid Smatter, which contain baryons and cold dark matter. The
background equations of the Universe are given by assuming homogeneity and isotropy of
the metric. Substituting φ = φ(t) and the metric ds2 = −N2(t)dt2 +a2(t)dx2 into the action,
and subsequently varying the action with respect to N(t) gives [34]
ρmatter +
5∑
i=2
Ei = 0, (2.6)
where
E2 = 2XKX −K, (2.7)
E3 = 6Xφ˙HG3X − 2XG3φ, (2.8)
E4 = −6H2G4 + 24H2X(G4X +XG4XX)− 12HXφ˙G4φX − 6Hφ˙G4φ, (2.9)
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E5 = 2H3Xφ˙(5G5X + 2XG5XX)− 6H2X(3G5φ + 2XG5φX), (2.10)
and ρmatter is the energy density of matter. Here, H = a˙/a is the Hubble rate function and
the dot means derivative with respect to time. Variation with respect to a(t) yields
pmatter +
5∑
i=2
Pi = 0, (2.11)
where
P2 = K, (2.12)
P3 = −2X
(
G3φ + φ¨G3X
)
, (2.13)
P4 = 2(3H2 + 2H˙)G4 − 4H2X
(
3 +
X˙
HX
+ 2
H˙
H2
)
G4X
− 8HXX˙G4XX + 2(φ¨+ 2Hφ˙)G4φ + 4XG4φφ + 4X(φ¨− 2Hφ˙)G4φX , (2.14)
P5 = −2X(2H3φ˙+ 2HH˙φ˙+ 3H2φ¨)G5X − 4H2X2φ¨G5XX
+ 4HX(X˙ −HX)G5φX + 2H2X
(
3 + 2
X˙
HX
+ 2
H˙
H2
)
G5φ + 4HXφ˙G5φφ, (2.15)
and pmatter is the pressure of matter. The above two Eqs. (2.6) and (2.11) correspond to
the Friedmann equations. The equation of motion of the scalar field is given by varying the
action with respect to φ(t):
1
a3
d
dt
(a3J) = Pφ, (2.16)
where
J =φ˙KX + 6HXG3X − 2φ˙G3φ + 6H2φ˙(G4X + 2XG4XX)− 12HXG4φX
+ 2H3X(3G5X + 2XG5XX)− 6H2φ˙(G5φ +XG5φX), (2.17)
Pφ =Kφ − 2X(G3φφ + φ¨G3φX) + 6(2H2 + H˙)G4φ + 6H(X˙ + 2HX)G4φX
− 6H2XG5φφ + 2H3Xφ˙G5φX . (2.18)
Equations (2.6), (2.11), and (2.16) control the background evolution of the Universe. In the
same manner as the quintessence model, Eqs. (2.11) and (2.16) are equivalent when Eq. (2.6)
holds. Equations (2.6) and (2.11) can be rewritten in the well-known form
3H2 = κ2(ρmatter + ρφ), (2.19)
−3H2 − 2H˙ = κ2(pmatter + pφ), (2.20)
if we define ρφ and pφ as
ρφ ≡
5∑
i=2
Ei + 3H
2
κ2
, pφ ≡
5∑
i=2
Pi − 1
κ2
(3H2 + 2H˙). (2.21)
We will use Eq. (2.21) as the definitions of effective energy density and effective pressure. In
the following, we will only consider the matter dominant era onwards and treat the pressure
of matter as pmatter = 0.
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While, the recent observation of gravitational wave GW170817 [36] and its electromag-
negic counterparts [37–39] showed that the speed of gravitational waves should satisfy
|c2T − 1| . 10−15 (2.22)
in the relatively recent Universe. This bound means that the speed of gravitational waves
should be almost the same as that of an electromagnetic wave not only around stellar objects
but also in the void region. In Horndeski’s theory, the sound speed for tensor perturbations
is expressed as [34]
c2T =
G4 −XG5φ −XG5X φ¨
G4 − 2XG4X −X(G5X φ˙H −G5φ)
. (2.23)
Equation (2.23) shows that the sound speed for tensor perturbations is independent from
the functions K(φ,X), G3(φ,X), and matter components. If the terms XG5φ, XG4X , · · ·
are relevant for the evolution of the Universe, then they should be the same order as G4
as seen from Eqs. (2.6) and (2.11). In this case, c2T deviates from 1 except for some special
cases. Therefore, it is natural to think that the terms proportional to G4X , G5φ, and G5X are
not relevant for the current accelerated expansion of the Universe. In the following, we treat
G4(φ,X) and G5(φ,X) as G4(φ), which is a generic function only depends on the field φ, and
G5(φ,X) = 0. Here, G5(φ,X) is not expressed as constant but as 0 because constant G5 does
not contribute to Eqs. (2.6), (2.11), and (2.16). Further discussions for the constraints from
gravitational wave detection GW170817 for Horndeski’s theory are given in Refs. [40–47].
Then, effective energy density and effective pressure are explicitly written by
ρφ = φ˙
2KX −K + 3φ˙3HG3X − φ˙2G3φ + 3H2
(
1
κ2
− 2G4
)
− 6Hφ˙G4φ, (2.24)
pφ = K − φ˙2(G3φ + φ¨G3X)− (3H2 + 2H˙)
(
1
κ2
− 2G4
)
+ 2(φ¨+ 2Hφ˙)G4φ + 2φ˙
2G4φφ.
(2.25)
Equation of motion of the scalar field Eq. (2.16) is rewritten as
d
a3dt
[
a3(φ˙KX + 3Hφ˙
2G3X − 2φ˙G3φ)
]
−Kφ + φ˙2(G3φφ + φ¨G3φX)− 6(2H2 + H˙)G4φ = 0.
(2.26)
The perturbation equations are given by substituting flat FLRW metric with Newtonian
gauge metric perturbation ds2 = −(1+2Ψ(t, x))dt2 +a2(t)(1+2Φ(t, x))∑3i,j=1 δijdxidxj into
the linear order Einstein equation (δG4G
ν
µ +G4δG
ν
µ + · · · − δT (m)νµ /2 = 0) as follows:
A1Φ˙ +A2 ˙δφ+A3
k2
a2
Φ +A4Ψ +
(
A6
k2
a2
− µ
)
δφ− ρmδ = 0, (2.27)
B1Φ¨ +B2δ¨φ+B3Φ˙ +B4 ˙δφ+B5Ψ˙ +B6
k2
a2
Φ
+
(
B7
k2
a2
+ 3ν
)
δφ+
(
B8
k2
a2
+B9
)
Ψ = 0, (2.28)
C1Φ˙ + C2 ˙δφ+ C3Ψ + C4δφ− ρmδu = 0, (2.29)
G4(Ψ + Φ) +G4φδφ = 0, (2.30)
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where the coefficients A1, A2, · · · , B1, · · · , C1, · · · , and ν are the functions composed from
H, K(φ,X), G3(φ,X), and G4(φ), and k expresses the wave number which appears from the
derivative with respect to the spacial coordinates (k2 = −∂j∂j) by the Fourier transformation.
The concrete expressions of the coefficients are given in Appendix A. Equations (2.27), (2.28),
(2.29), and (2.30) correspond to (0, 0), (i, i), (0, i), and (i, j), i 6= j components of the
Einstein equations, respectively, and are consistent with the equations derived in Ref. [29].
We have adopted δρm = ρmδ, δpm = 0, and δui = ∂iδu as the descriptions of δT
(m)ν
µ =
δ[pmδ
ν
µ + (ρm + pm)uµu
ν ] because we are now interested in the scalar perturbations from
nonrelativistic matter fluids. While, the linearized scalar field equation and the linearized
equations of continuity of fluid matter are expressed by
D1Φ¨ +D2δ¨φ+D3Φ˙ +D4 ˙δφ+D5Ψ˙ +
(
D7
k2
a2
+D8
)
Φ
+
(
D9
k2
a2
−M2
)
δφ+
(
D10
k2
a2
+D11
)
Ψ = 0, (2.31)
δ˙ + 3Φ˙− k
2
a2
δu = 0, (2.32)
˙δu+ Ψ = 0, (2.33)
where the coefficients D1, D2, · · · , and M2 are the functions of background quantities H(t),
K(φ(t), X(t)), G3(φ(t), X(t)), and G4(φ(t)) and their definitions are given in Appendix A.
Usually, we treat the coefficients HD1, H
2D2, · · · , and M2 as the same order, for example,
H2D1 ∼ HD3 ∼ H2D7 ∼ D8, because the coefficients are related with the background evolu-
tion of the Universe. Therefore, we can ignore the term proportional to D8 in the subhorizon
limit k2/(a2H2)  1. However, in some special cases, e.g. in the case of f(R) gravity,
function M2 should be treated as much important as k2D9/a
2, because the observational
constraints on the function f(R); |R0f ′′(R0)|  1, enhances the value of M2 [29].
3 Evolution equation of the matter density contrast
3.1 Quasi-static solutions
Before considering the general solutions of Eqs. (2.27) – (2.33), let us investigate quasi-static
solutions of the system, because quasi-static solutions are simple and easy to treat. Here,
quasi-static means that the perturbation quantities, e.g. Φ, Ψ, and δφ, vary in the same way
as the Hubble rate, namely, Φ˙ ∼ HΦ, Ψ˙ ∼ HΨ, and ˙δφ ∼ Hδφ. One can easily imagine
that there is such a solution, because the coefficients A1, A2, · · · , B1, · · · , C1, · · · , D1, · · · ,
and so on are described by background quantities which vary in the same way as the Hubble
rate. Whereas, a hierarchy between the coefficients caused by the factor k2/(a2H2) implies
the existence of fast varying solutions, which is oscillating mode that we will consider in the
next subsection. Under the quasi-static conditions, Eqs. (2.27) – (2.33) are rewritten as
A3
k2
a2
Φ +A4Ψ +A6
k2
a2
δφ− ρmδ ' 0, (3.1)
B6
k2
a2
Φ +B7
k2
a2
δφ+B8
k2
a2
Ψ ' 0, (3.2)
C1Φ˙ + C2 ˙δφ+ C3Ψ + C4δφ− ρmδu = 0, (3.3)
G4(Ψ + Φ) +G4φδφ = 0, (3.4)
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D7
k2
a2
Φ +
(
D9
k2
a2
−M2
)
δφ+D10
k2
a2
Ψ ' 0, (3.5)
δ˙ + 3Φ˙− k
2
a2
δu = 0, (3.6)
˙δu+ Ψ = 0. (3.7)
Here, we have kept the term M2 by taking into account the case of f(R) gravity. The reason
why M2 should be kept is mentioned in the last part of the previous section. In this paper, we
will not use gauge-invariant density contrast defined by δm ≡ δ − 3Hδu because the relation
|δ|  H|δu| holds not only in quasi-static solutions but also in oscillating solutions as shown
later. Therefore, there is no difference in the prediction of the growth rate function between
δm and δ at the leading order.
The so-called effective gravitational constant Geff defined by k
2Ψ/a2 = −4piGeffρmδ is
given by eliminating the terms proportional to Φ or δφ from Eq. (3.1). The explicit expression
of Geff is
Geff =
1
16piG4β
{
G4[KX − 2G3φ + φ¨(2G3X + φ˙2G3XX) + φ˙2G3φX + 4Hφ˙G3X ]
+4G24φ +
a2
k2
G4M
2
}
, (3.8)
β ≡ G4[KX − 2G3φ + φ¨(2G3X + φ˙2G3XX) + φ˙2G3φX + 4Hφ˙G3X ]− 1
4
φ˙4G23X
−φ˙2G3XG4φ + 3G24φ +
a2
k2
G4M
2. (3.9)
Equation (3.8) shows that if there is an X dependence in G3 function or a φ dependence in
G4 function, then Geff can deviate from the Newtonian constant even if we ignore the term
proportional to M2. The evolution equation of the matter density contrast, which is given
by combining Eqs. (3.6) and (3.7), is expressed as
δ¨ + 2Hδ˙ − 4piGeffρmδ ' 0. (3.10)
Equation (3.10) shows that the modification of the evolution equation is only the change of
the Newtonian gravitational constant. While, α parameter defined by Ψ + Φ = αΦ, which
describes the modification of the lensing effect, is written as
α = −G4φ(2G4φ + φ˙2G3X)
/{
G4[KX − 2G3φ + φ¨(2G3X + φ˙2G3XX) + φ˙2G3φX
+4Hφ˙G3X ] +G4φ(−φ˙2G3X + 2G4φ) + a
2
k2
G4M
2
}
. (3.11)
Unlike in the case of Geff , α can deviates from α = 0 (GR) only if G4φ 6= 0. Therefore, for
the case G3X 6= 0 and G4φ = 0, there is a modification for the growth rate function but is
no change in the lensing effect. In this subsection, we have respected the possibility that M2
can be comparable with k2/a2, however, for simplicity, we will assume a2M2/k2  1 in the
following. Oscillating solutions in f(R) modified gravity are investigated in Ref. [31].
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3.2 k-essence model
k-essence model [48–50] corresponds to the case G3(φ,X) = 0 and G4(φ) = 1/(2κ
2) in
Horndeski’s theory, so there is only one generic function K(φ,X). In k-essence model, it is
shown that the general solution of the matter density contrast is given in the following form
[30]
δtot(N) = δqs(N) + δo(N), (3.12)
d2δqs
dN2
(N) +
(
1
2
− 3
2
weff(N)
)
dδqs
dN
(N)− 3
2
Ωm(N)δqs(N) = 0, (3.13)
δo(N) = c1φ˙(N)[4KX(N) + φ˙
2(N)KXX(N)]K
− 3
4
X (N)[KX(N) + φ˙
2(N)KXX(N)]
1
4
× sin
[∫ N
dN ′
cφk
aH
+ c2
]
, (3.14)
where c1 and c2 are arbitrary constants, N , weff , Ωm, and cφ are defined by N ≡ ln a,
weff ≡ −1 − 2H˙/(3H2), Ωm ≡ κ2ρm/(3H2), and c2φ ≡ KX/(KX + φ˙2KXX), respectively.
One may think the oscillation term can be ignored by assuming c1 = 0. However, there is
no guiding principle which supports |c1|  1. In other words, assuming c1 = 0 is realized
only if we introduce fine-tunings of the initial conditions. Therefore, if we choose c1 = 0 it
will introduce another fine-tuning problem of dark energy. The explicit expression of c1 will
be given in Eq. (3.28). In the paper [30], the fourth order evolution equation of the matter
density contrast is derived without using approximations, that’s why, not only well known
quasi-static equation (3.13) but also oscillating solutions (3.14) appear. The reason why
there is an oscillating mode is that there are extra degrees of freedom, which correspond to
the perturbation of dynamical scalar field δφ and its derivatives with non-zero sound speed,
compared to General Relativity. Evaluation of the oscillating mode is much more difficult
than that of the quasi-static mode, because not only the leading terms of the linearized
equations but also the sub-leading terms should be taken into account in order to obtain
the effective growth rate of the oscillating solutions. One way to evaluate the behavior of
the oscillating solution is to derive the fourth order evolution equation of the matter density
contrast as shown in [30]. This way is correct, but it costs so much time. We will construct
the other way to derive Eq. (3.14) in the following, and will apply it to whole Horndeski’s
theory in the next subsection.
The oscillating mode of the matter density contrast is generated by the mixing between
δ and δφ in the linearized equations, and the oscillating interval is determined by the sound
speed. By taking into account k/(aH) 1, we can write the solution of the oscillating mode
in the following form:
δo(N) = Cδ(N)
{
cos
[∫ N
dN ′
csk
aH
+ ω
]
+O
(
aH
k
)}
, (3.15)
where ω is an arbitrary constant and Cδ(N) is an arbitrary function which satisfies |dCδ/dN | .
|Cδ|, namely,
dδo
dN
∼ Cδ(N) d
dN
cos
[∫ N
dN ′
csk
aH
+ ω
]
. (3.16)
Equation (3.15) is, in fact, an WKB approximated solution. The WKB approximation is
valid only if |csk/(aH)|  1. In a typical dark energy model “quintessence model”, the sound
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speed cs is always 1, therefore, the condition |csk/(aH)|  1 becomes same as small-scale
approximation |k/(aH)|  1. The deviation from the exact solution is given by the order of
|aH/k|. If we consider the model which has a little |cs|, then the WKB approximation breaks
down. However, the fine-tunings of the model parameters are necessary to realize c2s  1.
The purpose of this paper is to investigate general perturbation behavior in Horndeski’s
theory, therefore, investigating the case c2s  1 is beyond the scope of this paper. In the
same way, we will describe the oscillating solution of δφ and Φ as
δφo(N) = Cδφ(N)φ
{
sin
[∫ N
dN ′
csk
aH
+ ω
]
+O
(
aH
k
)}
, (3.17)
Φo(N) = CΦ(N)
{
cos
[∫ N
dN ′
csk
aH
+ ω
]
+O
(
aH
k
)}
. (3.18)
Equations (3.15)–(3.18) give the relations δ¨o ∼ −c2sk2δo/a2, δ¨φo ∼ −c2sk2δφo/a2, and Φ¨o ∼
−c2sk2Φo/a2. The reason why sin and cos are assigned for δφ and Φ, respectively, will be
shown in the following considerations. In the case of k-essence model, Eq. (2.30) gives
Ψ = −Φ, therefore, we will write Ψ as −Φ in this subsection.
Equation of motion of the scalar field (2.31) yields
δφ¨+
(
3H +
d
dt
ln |KX + φ˙2KXX |
)
δφ˙+
c2φk
2
a2
δφ+
4φ˙KX + φ˙
3KXX
KX + φ˙2KXX
Φ˙ ' 0, (3.19)
where c2φ = KX/(KX + φ˙
2KXX), which is the sound speed squared in k-essence model. Here,
the symbol ' means that O(H2δφ) terms have been ignored. While, Eq. (2.28) gives
Φ¨ + 4HΦ˙− κ
2
2
KX φ˙δφ˙ ' 0. (3.20)
At the leading order, we have
|Φ¨| '
∣∣∣∣κ22 KX φ˙δφ˙
∣∣∣∣ . (3.21)
By taking Eqs. (3.17) and (3.18) into account, we have
|Φ˙| '
∣∣∣∣κ22 KX φ˙δφ
∣∣∣∣ . (3.22)
The relations (3.21) and (3.22) show that if δφ is given by sinusoidal function, then Φ should
be described by cosine function, and imply that the last term in Eq. (3.19) is O(H2δφ).
Then we can solve Eq. (3.19) by using the WKB approximation. The coefficient Cδφ(N) in
Eq. (3.17) is expressed as
Cδφ(N) = mδφ
[
aφ
√
cφ(KX + φ˙2KXX)
]−1
, (3.23)
where mδφ is an arbitrary constant. While, the relation (3.21) or (3.22) gives
CΦ(N) = − a
2cφk
κ2φφ˙KXCδφ(N). (3.24)
Note that the expression (3.24) is determined only by the leading terms in Eq. (3.20), and
whole equation (3.20) is completed by taking O(aH/k) terms in Eq. (3.18) into account. To
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obtain the relation between CΦ and Cδ, we can use Eqs. (2.32) and (2.33). Eliminating δu
from Eqs. (2.32) and (2.33) yields
δ¨ + 2Hδ˙ + 3Φ¨ + 6HΦ˙− k
2
a2
Φ = 0. (3.25)
At the leading order in Eq. (3.25), we have
d
dt
(a2δ˙) ' k2(1 + 3c2φ)Φ (3.26)
δ ' −1 + 3c
2
φ
c2φ
Φ. (3.27)
Therefore,
Cδ(N) = −
1 + 3c2φ
c2φ
CΦ(N)
=
mδφκ
2
2k
φ˙(4KX + φ˙
2KXX)K
− 3
4
X (KX + φ˙
2KXX)
1
4 . (3.28)
The expression of Cδ(N) (3.28) is consistent with Eq. (3.14). Note that Eqs. (3.24) and
(3.28) show that |Cδ| ∼ |CΦ| ∼ |aHCδφ/k| if cφ 6= 0. Therefore, Eq. (2.33) shows that
|Hδu/δ| ∼ aH/k  1. The effective growth factor of the matter density perturbation can be
defined as
feff =
d
dN
ln |Cδ(N)| (3.29)
by comparing it with the usual growth factor f = d ln |δqs(N)|/dN . The usual growth factor
express the growing speed of the matter density perturbation, while, the effective growth
factor express the growing speed of the amplitude of the matter density perturbation in
oscillating mode. The effective growth factor is only expressed by background quantities
φ˙(t) and φ¨(t), and H(t) as seen from Eqs. (3.28) and (3.29), therefore, the behavior of
the effective growth factor is independent from the initial conditions of the perturbation
quantities. Interestingly, it is also seen that the effective growth factor does not explicitly
depend on the potential form of the scalar field. If feff is same order as the usual growth
factor f , then the amplitude Cδ(N) is same order as the absolute value of the density contrast
of the quasi-static mode if there is no hierarchy in the initial conditions of them. In this case,
we cannot neglect the term δo in Eq. (3.12). In observations, the power spectrum of the
density contrast of galaxies, which is approximately proportional to the power spectrum of
the density contrast of matter, is measured. Therefore, comparing the evolution of feff with
that of f is crucial. Even if it is shown that feff is much less than f , this comparison gives
us a confirmation that the quasi-static approximation is good enough.
The features of the procedure above are the following; we have assumed the WKB
approximated solution because of non-zero sound speed, not only the leading terms but
also the sub-leading terms are evaluated, the coefficient Cδ(N) is uniquely determined by
considering the large/small relation between the perturbation variables. We will apply this
procedure to the other case in the next subsection.
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3.3 The case G3X 6= 0 or G4φ 6= 0
The case G3X = G4φ = 0 is equivalent to the case of k-essence, so we will investigate
the case G3X 6= 0 or G4φ 6= 0 in this subsection. The relations between the perturbation
variables are quite different from those in the case of k-essence model. As seen in Eq. (2.28),
function B2 does not vanish and Φ becomes same order as δφ, because B2 is expressed as
−3φ˙2G3X+6G4φ. Therefore, we cannot ignore the terms proportional to Ψ, Φ, and derivatives
of them in Eq. (2.33), and cannot solve Eq. (2.28) or Eq. (2.33), independently. In this case,
we should take into account the sub-leading terms in Eqs. (3.17) and (3.18), because there
is a possibility that the sub-leading terms change the expressions of Cδφ, CΦ, and Cδ.
In the following, we will use Eq. (2.30) to erace Ψ, and express Φ and δφ as
Φ = CΦ1 sin
[∫ N
dN ′
csk
aH
+ ω
]
+ CΦ2 cos
[∫ N
dN ′
csk
aH
+ ω
]
, (3.30)
δφ = Cδφ1 sin
[∫ N
dN ′
csk
aH
+ ω
]
+ Cδφ2 cos
[∫ N
dN ′
csk
aH
+ ω
]
. (3.31)
where CΦ2/CΦ1 ∼ O(aH/k) and Cδφ2/Cδφ1 ∼ O(aH/k) have been assumed. Equations
(2.28) and (2.33) give
Bf2Φ¨ +Bf1Φ˙ +Bd2δφ¨+Bd1δφ˙ ' 0, (3.32)
Df2Φ¨ +Df1Φ˙ +Df0
k2
a2
Φ +Dd2δφ¨+Dd1δφ˙+Dd0
k2
a2
δφ ' 0, (3.33)
where Bf2 = B1, Bf1 = B3 − B5, Bd2 = B2, Bd1 = B4 − B5 · G4φ/G4, Df2 = D1, Df1 =
D3−D5, Df0 = D7−D10, Dd2 = D2, Dd1 = D4−D5 ·G4φ/G4, and Dd0 = D9−D10 ·G4φ/G4.
Here, the symbol ' means that O(H2Φ) terms and O(H2δφ) terms have been ignored. The
leading order terms, which are the terms proportional to k2/a2, in Eq. (3.32) yield the ratio
between CΦ1 and Cδφ1 as
γ ≡ CΦ1
Cδφ1
= −Bd2
Bf2
= −2G4φ − φ˙
2G3X
4G4
. (3.34)
On the other hand, cancellation of the leading terms in Eq. (3.33) induces the following
expression of sound speed:
c2s =
Df0γ +Dd0
Df2γ +Dd2
=
1
ξ
[
G4(KX − 2G3φ + 2φ¨G3X + φ˙2G3φX + φ˙2φ¨G3XX + 4Hφ˙G3X)
+ 3G24φ − φ˙2G3XG4φ −
1
4
φ˙4G23X
]
, (3.35)
ξ ≡ G4
[
KX + φ˙
2KXX − 2G3φ − φ˙2G3φX + 3Hφ˙(2G3X + φ˙2G3XX)
]
+ 3
(
G4φ − 1
2
G3X φ˙
2
)2
. (3.36)
Note that ξ > 0 is imposed by no-ghost condition and c2s should not be negative to keep the
validity of the perturbation theory. While, at the sub-leading order, Eqs. (3.32) and (3.33)
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are written as
Bf2(CΦ2 − γCδφ2)csk
a
= (2Bf2γ˙ +Bf1γ +Bd1)Cδφ1, (3.37)
Cδφ1
1
dt
ln
∣∣∣cs
a
C 2δφ1
∣∣∣ =− 2Df2γ˙ +Df1γ +Dd1
Df2γ +Dd2
Cδφ1
+
(CΦ2 − γCδφ2)(Df2Dd0 −Df0Dd2)
(Df2γ +Dd2)2
k
csa
. (3.38)
Eliminating the terms CΦ2 − γCδφ2 by combining Eqs. (3.37) and (3.38) yields
1
dt
ln
∣∣∣cs
a
C 2δφ1
∣∣∣ =− 2Df2γ˙ +Df1γ +Dd1
Df2γ +Dd2
+
(Df2Dd0 −Df0Dd2)(2Bf2γ˙ +Bf1γ +Bd1)
Bf2(Df0γ +Dd0)(Df2γ +Dd2)
.
(3.39)
Equation (3.39) shows that the expression of Cδφ1 does not depend on the forms of Cδφ2
and CΦ2 and is uniquely determined except for the integration constant. Substituting the
expressions of Bf1, Bf2, · · · and Df1, Df2, · · · into Eq. (3.39) gives
C 2δφ1 =
m2δφ1G4
4csa2ξ
, (3.40)
where m2δφ1 is an integration constant. Whereas, we can obtain the relation between Cδφ1
and Cδ from Eqs. (2.32) and (2.33) as follows:
1
a2
d
dt
(a2δ˙) =− 3Φ¨− 6HΦ˙− k
2
a2
Ψ
' k
2
a2
[
(1 + 3c2s)Φ +
G4φ
G4
δφ
]
, (3.41)
therefore,
Cδ = − 1
c2s
[
(1 + 3c2s)γ +
G4φ
G4
]
Cδφ1, (3.42)
where we have assumed the form of δo as
δo(N) = Cδ(N)
{
sin
[∫ N
dN ′
csk
aH
+ ω
]
+O
(
aH
k
)}
. (3.43)
By substituting Eq. (3.40) into Eq. (3.42), we finally obtain
Cδ = ∓ mδφ1
8a
√
ξcsG4
[
c−2s (φ˙
2G3X + 2G4φ) + 3(φ˙
2G3X − 2G4φ)
]
. (3.44)
Note that the expression (3.44) is only valid for the case G4φ 6= 0 or G3X 6= 0, because
we treat Φ same order as δφ in the very begging of this subsection by taking G4φ 6= 0 or
G3X 6= 0 into account. This relation between Φ and δφ is seriously changed from that in
the case G4φ = G3X = 0. It means that the sub-leading terms in the case G4φ = G3X = 0
can be the leading terms in the case G4φ 6= 0 or G3X 6= 0. Therefore, we cannot connect the
expression (3.44) with (3.28). Expression of the effective growth rate function is obtained by
using Eqs. (3.29) and (3.44). The effective growth rate function is expressed by background
quantities φ(t), φ˙(t), φ¨(t),
...
φ (t), H(t), and H˙(t) and does not depend on initial conditions of
perturbation quantities.
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4 Examples
As we have seen in the previous section, the expression of the effective growth rate func-
tion highly depends on the types of models. Therefore, we will consider three examples in
this section; the quintessence model, kinetic gravity braiding model, and the case G4(φ) =
exp[λφ/Mpl]/(2κ
2), as the peculiar cases of k-essence model, G3X 6= 0 model, and G4φ 6= 0
model, respectively.
4.1 Quintessence model
In the case of quintessence model, i.e. K(φ,X) = X − V (φ), G3 = 0, and G4 = 1/(2κ2), the
effective growth rate function is described by
feff =
φ˙
Hφ
. (4.1)
If we assume the slow-roll accelerated expansion, the conditions |φ¨|  3H|φ˙| ' |Vφ| and
3H2 ' κ2V are fulfilled. Then feff can be rewritten as
feff ' − Vφ
κ2φV
. (4.2)
Equation (4.2) shows that the positive power law potential induces feff < 0 and the negative
power law potential yields feff > 0. While, the quasi-static mode (3.10) usually has a growing
solution, in other words, it has a positive growth factor. Therefore, we can ignore oscillating
mode in the case of positive power law potential, on the other hand, in the case of negative
power law potential, we should be careful with the behavior of the oscillating solutions. In
Figs. 1 and 2, the behaviors of the background evolution and the growth rate functions in
the case of negative power law potential are expressed. The background evolution is almost
same as that of the ΛCDM model if we consider V (φ) = M4(φ/Mpl)
−n with small n. The
reason why only the cases n ≤ 2 are plotted is that the astronomical observations and the
experiments in solar system severely constrain the value of n [51, 52]. While, the behavior of
the growth rate function f almost equivalents to that in the ΛCDM model for all n as seen
in Fig. 2 (left). Figure 2 (right) shows the effective growth rate function feff is always much
smaller than the growth rate function f in the case n ≤ 2, so we can justify to ignore the
oscillating solutions.
In the paper [30], the case of an exponential potential is investigated. In that case,
the effective growth rate function becomes positive and can influence the total evolution of
the matter density perturbation. In particular, feff = 3/2 > 1 = f is obtained for the limit
t→ 0, therefore, we should take into account the behavior of the oscillating solutions.
4.2 Kinetic gravity braiding model
Here, we consider kinetic gravity braiding model [53, 54]
K(φ,X) = −X, G3(φ,X) = Mpl
(
r2c
M2pl
X
)n
, G4(φ) =
1
2κ2
, (4.3)
where rc and n are positive constants. Then amplitude Cδ in Eq. (3.44) is rewritten as
Cδ ∝ 1
a
G3X φ˙
2
[
8− 24(n+ 1)G3XHφ˙+ 3G23X φ˙2{6n(4n+ 5)H2 − κ2(3n+ 4)φ˙2}
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Figure 1. Redshift dependence of the Hubble rate function compared to the ΛCDM model (left)
and that of the effective equation of state parameter of the scalar field wφ = pφ/ρφ (right) in the case
of K(φ,X) = X −M4(φ/Mpl)−n , where M4 = 0.7H20M2pl and H0 means that the Hubble constant
in the ΛCDM model, which is H0 ' 68 (km/s)/Mpc. The initial conditions for φ(z) and φ˙(z) are
assigned as φ(10) = Mpl and φ˙(10) = −0.04MplH0, and also Ωmatter,0 = 0.31 is assumed.
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Figure 2. Comparison between the growth rate function (left) and the effective growth rate function
(right) in the case of K(φ,X) = X − M4(φ/Mpl)−n. Initial condition for the usual growth rate
function f is assigned as f(z = 10) = 1.
+18κ2(n+ 2)G33XHφ˙
5
]/[
4− 16G3XHφ˙+ 2G23X φ˙2{30H2 − κ2(3n+ 2)φ˙2}
−12κ2(n− 2)G33XHφ˙5 − 3κ4G43X φ˙8
]5/4
, (4.4)
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Figure 3. Redshift dependence of the Hubble rate function (left) and that of equation of state
parameter (right) in the case of K(φ,X) = −X, G3(φ,X) = Mpl(r2cX/M2pl)n with rc = H−10 . The
initial condition for each curve is given by φ˙red(z = 10) = 0.2MplH0, φ˙orange(10) = 0.62MplH0,
φ˙green(10) = 0.94MplH0, or φ˙blue(10) = 0.995MplH0.
where we have eliminated the second derivative of φ and H˙ by using Eqs. (2.11) and (2.16).
The effective growth rate function feff is obtained by differentiating Cδ with respect to N and
dividing it by Cδ, however, the expression of feff is so messy that we do not explicitly show it
here. In Fig. 3, the behaviors of the background evolution in the case of Eq. (4.3) are depicted.
As shown in [54], there are two attractors in this model; one has self-accelerating solution
and another do not have self-accelerating solution. A large value of φ˙ is usually needed
to realize the self-accelerating solution. Therefore, the results shown in Fig. 3 does not so
depend on the value of φ˙(z = 10) if it is enough large. In all the cases n = 2, 10, 100, 1000,
the Hubble rate function is larger than that in the ΛCDM model in small redshift region,
therefore, smaller growth rate f than that in the ΛCDM model is realized as shown in Fig. 4.
The effective growth rate function feff cannot be ignored in this case because feff becomes
bigger than the growth rate f in the region z < 2.5 if n = 10, 100, or 1000. In the case of
n = 2, the effective growth rate function could be ignored if the initial value of feff is much
less than that of f .
4.3 The case G4(φ) = exp[λφ/Mpl]/(2κ
2) and G3(φ,X) = 0
Let us consider the model
K(φ,X) = X − (V0 +m2φ2) and G4(φ) = 1
2κ2
e
λ φ
Mpl , (4.5)
which can realize phantom crossings without instability [55]. Here, m and V0 are positive
constants and λ is a real constant. The background behavior of the model is shown in Fig. 5.
In the right panel, we can see phantom crossings, which are the crossings of wφ = −1 line,
– 14 –
1 2 3 4 5 6 7
0.0
0.2
0.4
0.6
0.8
1.0
1.2
redshift z
gr
ow
th
ra
te
f,
f eff
dashed: feff
solid: f
n=1000
n=100
n=10
n=2
LCDM model
Figure 4. Comparison between the growth rate function f and the effective growth rate function feff
in the case of K(φ,X) = −X, G3(φ,X) = Mpl(r2cX/M2pl)n. The solid curves and the dashed curves
express f and feff , respectively. Initial condition for the usual growth rate function f is assigned as
f(z = 10) = 1.
are realized in the model. The effective growth function is expressed as
feff = −1− λ
2
1
1 + 16pi
3λ2
e−λφ/Mpl
φ˙
MplH
. (4.6)
In the slow-roll regime, |φ˙|/(MplH) is much smaller than 1, so feff ' −1 is realized. In Fig. 6,
the evolution of the growth rate f and that of the effective growth rate feff are expressed.
The behaviors of the growth rate function f do not so depend on the values of the parameters
except for the region z > 1, because constant term V0 dominate over the other terms. While,
feff is almost −1 all over the regime as we expected. That’s why, the oscillation mode can
be ignored in this case.
5 Conclusion
In this paper, we have considered the behavior of the matter density perturbation in Horn-
deski’s theory. The behavior of the quasi-static mode of the matter density perturbation
is well known, however, that of oscillating mode has not been enough studied. Therefore,
we have constructed the method to derive the oscillating solutions and have obtained the
general expression of the solutions. In fact, oscillating solutions are the very features of dy-
namical dark energy models, because the existence of the extra degrees of freedom, which are
scalar field perturbation and its time derivative, cause oscillating mode of the matter density
perturbation. The peculiarity of the oscillating solutions are the following; the expression
completely changes depending on the functions G3(φ,X) and G4(φ), amplitude of the solu-
tion depends not only on sound speed but also on higher derivatives of the functions, the
oscillating mode can be a growing mode. The effective growth rate function of the oscillating
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Figure 5. Redshift dependence of Hubble rate function compared to that in the ΛCDM model (left)
and that of effective equation of state parameter (right) in the case of K(φ,X) = X − (V0 + m2φ2),
G3(φ,X) = 0, and G4(φ) = exp[λφ/Mpl]/(2κ
2).
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Figure 6. Comparison between the growth rate function (left) and the effective growth rate function
(right) in the case of K(φ,X) = X − (V0 + m2φ2), G3(φ,X) = 0, and G4(φ) = exp[λφ/Mpl]/(2κ2).
Initial condition for the usual growth rate function f is assigned as f(z = 10) = 1.
mode is only expressed by background quantities and is independent from the initial condi-
tions of the perturbation quantities. In Sec. 4, we have considered the cases, the quintessence
model, kinetic gravity braiding model, and the case G4(φ) = exp[λφ/Mpl]/(2κ
2), and have
explicitly shown that there can be a growing and oscillating solution of the matter density
perturbation. This result implies that oscillating mode of the matter density perturbation
must be investigated for giving the true prediction of the models. The deviation between the
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quasi-static solution and the actual solution can be immediately evaluated by using Eq. (3.28)
or (3.44) if we know background behavior of the model as we seen in Sec. 4.1. While, the
considerations of the concrete models of dark energy in Sec. 4 suggest that oscillating mode
can be ignored if we assume the slow-roll accelerated expansion of the Universe. This subject
will be studied near future.
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A Coefficients
A1 =− 3φ˙3G3X + 12HG4 + 6φ˙G4φ, (A.1)
A2 =− φ˙(KX + φ˙2KXX) + 2φ˙G3φ − 3Hφ˙2(3G3X + φ˙2G3XX) + φ˙3G3φX + 6HG4φ, (A.2)
A3 = 4G4, (A.3)
A4 = φ˙
2(KX + φ˙
2KXX)− 2φ˙2G3φ − φ˙4G3φX + 3Hφ˙3(4G3X + φ˙2G3XX)
− 12H(HG4 + φ˙G4φ), (A.4)
A5 = φ˙
3G3X − 4HG4 − 2φ˙G4φ, (A.5)
A6 =− φ˙2G3X + 2G4φ, (A.6)
µ =−Kφ + φ˙2KφX − φ˙2G3φφ + 3Hφ˙3G3φX − 6H2G4φ − 6Hφ˙G4φφ, (A.7)
B1 = 12G4, (A.8)
B2 =− 3φ˙2G3X + 6G4φ, (A.9)
B3 = 12(φ˙G4φ + 3HG4), (A.10)
B4 = 3[φ˙KX − 2φ˙G3φ − 2φ˙φ¨G3X − φ˙3(G3φX + φ¨G3XX) + 4HG4φ + 4φ˙G4φφ], (A.11)
B5 = 3(φ˙
3G3X − 4HG4 − 2φ˙G4φ), (A.12)
B6 = 4G4, B7 = 4G4φ, B8 = 4G4, (A.13)
B9 = 3(2K − φ˙2KX + 2φ˙2φ¨G3X + φ˙4G3φX + φ˙4φ¨G3XX), (A.14)
ν = Kφ − φ˙2(G3φφ + φ¨G3φX) + 2(3H2 + 2H˙)G4φ + 2(φ¨+ 2Hφ˙)G4φφ + 2φ˙2G4φφφ,
(A.15)
C1 = 4G4, (A.16)
C2 =− φ˙2G3X + 2G4φ, (A.17)
C3 = φ˙
3G3X − 4HG4 − 2φ˙G4φ, (A.18)
C4 = φ˙(KX − 2G3φ + 2G4φφ) +H(3φ˙2G3X − 2G4φ), (A.19)
D1 =− 3(φ˙2G3X − 2G4φ), (A.20)
D2 =−KX − φ˙2KXX + 2G3φ − 6Hφ˙G3X + φ˙2G3φX − 3Hφ˙3G3XX , (A.21)
D3 =− 3(φ˙KX − 2φ˙G3φ + 6Hφ˙2G3X + 2φ˙φ¨G3X + φ˙3G3φX + φ˙3φ¨G3XX − 8HG4φ),
(A.22)
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D4 =
d
dt
D2 + 3HD2, (A.23)
D5 = φ˙(KX + φ˙
2KXX − 2G3φ − φ˙2G3φX) + 3H(3φ˙2G3X + φ˙4G3XX − 2G4φ), (A.24)
D7 = 4G4φ, (A.25)
D8 = 9Hφ˙
−1K + 3Kφ − 3(φ¨+ 3Hφ˙)KX − 3φ˙2(KφX + φ¨KXX)
+ 3(2φ¨+ 3Hφ˙)G3φ − 9φ˙(3Hφ¨+ 3H2φ˙+ H˙φ˙)G3X + 3φ˙2G3φφ
+ 3φ˙2(φ¨− 3Hφ˙)G3φX − 9Hφ˙3φ¨G3XX + 18Hφ˙−1(3H2 + 2H˙)G4
+ 18φ˙−1(Hφ¨+ 4H2φ˙+ H˙φ˙)G4φ + 18Hφ˙G4φφ, (A.26)
D9 =−KX + 2G3φ − 4Hφ˙G3X − φ¨(2G3X + φ˙2G3XX)− φ˙2G3φX , (A.27)
D10 =− φ˙2G3X + 2G4φ, (A.28)
D11 = Kφ + (φ¨+ 3Hφ˙)KX + φ˙
2(4φ¨+ 3Hφ˙)KXX + φ˙
4(KφXX + φ¨KXXX)
− 2(φ¨+ 3Hφ˙)G3φ + 9φ˙(2Hφ¨+ 3H2φ˙+ H˙φ˙)G3X − φ˙2G3φφ
− φ˙2(5φ¨− 3Hφ˙)G3φX + 3φ˙3(7Hφ¨+ 3H2φ˙+ H˙φ˙)G3XX − φ˙4G3φφX
− φ˙4(φ¨− 3Hφ˙)G3φXX + 3Hφ˙5φ¨G3XXX − 6(2H2 + H˙)G4φ, (A.29)
M2 =−Kφφ + (φ¨+ 3Hφ˙)KφX + φ˙2KφφX + φ˙2φ¨KφXX − φ¨[2G3φφ + φ˙2G3φφX
− 3Hφ˙(2G3φX + φ˙2G3φXX)]− 6Hφ˙G3φφ + 3φ˙2(3H2 + H˙)G3φX − φ˙2G3φφφ
+ 3Hφ˙3G3φφX − 6(2H2 + H˙)G4φφ, (A.30)
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